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Abstract
In this article we review the construction of local, relativistic quantum
vector fields by analytic continuation of Euclidean vector fields obtained
as solutions of covariant SPDEs. We revise the formulation of such SPDEs
by introducing new Gaussian noise terms – a procedure which avoids the
re-definition of the two point functions needed in previous approaches in
order to obtain relativistic fields with nontrivial scattering. We describe
the construction of asymptotic states and the scattering of the analytically
continued solutions of these new SPDEs and we give precise conditions
for nontrivial and well-defined scattering.
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1 Introduction
Since the work of Symanzik and Nelson [30, 31, 40], the construction of local,
relativistic quantum fields via analytic continuation from Euclidean random
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fields has been the most vital and productive paradigm in constructive quan-
tum field theory (QFT), see e.g. the by now classical expositions in [16, 37].
This Euclidean strategy has been completed successfully in d = 2 space-time
dimensions and partial results have been obtained for d = 3 [11, 15]. In the
physical space-time dimension d = 4 however, the standard approach to the
definition of local potentials via renormalization up to now is plagued by seem-
ingly incurable ultra-violet divergences, and no construction of a non-trivial
(interacting) quantum field is known within that approach.
In a series of papers beginning with the mid-80ies [6, 7, 8], a different ap-
proach was suggested for d = 4 dimensions, where Euclidean random fields are
being constructed as solutions of the quaternionic Cauchy-Riemann partial dif-
ferential equation driven by a non Gaussian white noise. For the so-defined
models, the analytic continuation to relativistic fields of self-interacting electro-
magnetic type can be performed [9] and the corresponding relativistic models
have non-trivial scattering behavior [4]. The physical interpretation of the given
fields, i.e. a solution of the Gauge problem in the sense of Gupta and Bleuler
[21, 14] (i.e. the identification of the physical Hilbert space), is still an unsolved
problem and therefore these models can not yet be considered as yielding fully
satisfactory 4-d relativistic quantum fields. We however note that one can verify
the modified Wightman axioms for quantum fields with indefinite metric [29, 39]
and the asymptotic incoming and outgoing fields can be gauged as in usual free
quantum electrodynamics. Furthermore, gauge invariance of the scattering (S-)
matrix has been verified in [4].
In [12, 19, 20] a generalization of this program was suggested by Becker,
Gielerak and  Lugiewicz and the equation DA = F was studied systematically
in arbitrary space-time dimension, where D is a covariant partial differential
operator with constant coefficients and F is a generalized (non-Gaussian) white
noise vector field. Solution of this SPDE under suitable conditions on D were
given in [12], vacuum expectation values of the associated relativistic fields are
given in [5, 12, 19, 20] and the scattering behavior has been calculated in [5].
Here we review the construction of relativistic quantum vector fields with
indefinite metric via solutions of DA = F . Most of the material in this arti-
cle has ben taken from the above references, but we introduce some technical
improvements in the construction of the vector noise F by adding new Gaus-
sian noise terms (depending on D) which render obsolete the re-definition of
relativistic two point functions in [5]. This re-definition in [5] was necessary to
obtain a well-defined scattering behavior for a certain class of models, but it un-
fortunately destroyed the direct connection of quantum fields with the random
field models. We here demonstrate that a modification of the SPDE can do the
same job and the relativistic and Euclidean side remain directly connected.
The article contains the following materials: In Section 2 we introduce the
generalized vector noise fields, we discuss covariance properties of the operator
D and we set up and solve a modified SPDE DA = F + F g. We calculate
two- and n-point Schwinger functions (moments) of the random field A and
we show that under suitable conditions on D the two point function of A is a
superposition of two point functions of free Euclidean vector fields. Section 3
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deals with the analytic continuation of the Schwinger functions to relativistic
Wightman functions. Section 4 is devoted to the construction of quantum fields
with indefinite metric s.t. the Wightman functions constructed in Section 3
are the vacuum expectation values of these fields. Scattering of the relativistic
fields is being discussed in section 5: Under given conditions on D (”no dipole
condition”, cf. [18] for a physical interpretation), we construct asymptotic states
and explicitly calculate the scattering (S-) matrix of the models following [1].
2 Construction of Euclidean random fields via
(modified) covariant SPDEs
Let d be the space-time dimension, we then identify the Euclidean space-time
with IRd. Let τ : SO(d) → Gl(L) be a L-dimensional (not necessarily irre-
ducible) real representation of the orthogonal group. Since SO(d) is compact,
we may assume without loss of generality that τ : SO(d)→ SO(L). We want to
study covariant noise vector fields over IRd, which are defined as follows:
A (tempered) random vector field of dimension L over IRd is a mapping φ
from the space of IRL-valued Schwarz test functions S = S(IRd, IRL) to the
real valued random variables of some probability space (Ω,B, P ) such that 1)
φ is linear P a.s. and 2) fn → f in S ⇒ φ(fn) → φ(f) in probability law. φ
by definition transforms covariantly under τ if φ(f) = φ(fg) in probability law
∀f ∈ S where g ∈ SO(d) and fg(x) = τ(g)f(g−1x). Furthermore, φ is called
translation invariant or stationary if φ(fa) = φ(f) in law ∀f ∈ S where a ∈ IR
d
and fa(x) = f(x− a).
Definition 2.1 A τ-covariant noise field is an L-dimensional random vector
field over IRd which transforms covariantly under τ , is stationary and is inde-
pendent when localized in non intersecting regions (i.e. φ(f) is independent of
φ(h) if suppf ∩ supph = ∅.)
A characteristic functional is a mapping C : S → C fulfilling 1) C is con-
tinuous, 2) C is positive definite and 3) C is normalized C(0) = 1. By Minlos’
theorem [26, 28] there is a one-to-one (up to equivalence in law) correspon-
dence between (L-dimensional) random fields φ and characteristic functionals
Cφ given by Cφ(f) = E[eiφ(f)]. Furthermore, φ can be realized as coordinate
process on the measurable space (S ′,B), with S ′ the topological dual space of
S and B the Borel sigma algebra on S ′. Explicitly, given a random vector field
φ there exists a unique probability measure Pφ on this measurable space such
that φ(f) = 〈., f〉 ∀f ∈ S in law where 〈., .〉 is the dualization of S ′ and S. Thus
the path space of φ is always contained in the space of tempered distributions.
As a simple consequence of Minlos’ theorem we get that F is a τ -covariant
noise if and only if the associated characteristic functional CF fulfills CF (fg) =
CF (fa) = CF (f)∀f ∈ S, g ∈ SO(d), a ∈ IR
d and CF (f + h) = CF (f)CF (h)∀f, h ∈
S s.t. suppf ∩ supph = ∅. To construct noise fields, it is thus sufficient to define
a characteristic functional with the above properties.
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Let ψ be a C∞ Le´vy characteristic over IRL, i.e.
ψ(t) = ia · t−
σt · σt
2
+
∫
IRL−{0}
[
eit·s − 1
]
dM(s) (1)
where t, a ∈ IRL, σ ∈ MatL×L(IR) is symmetric and positive semi definite and
the Le´vy measureM is a measure on IRL−{0} s.t. M has moments of all orders.
ψ is uniquely determined by a (deterministic part), σ (Gaussian part) and M
(Poisson part). We say that ψ is τ -invariant if ψ(τ(g)t) = ψ(t)∀g ∈ SO(IRd), t ∈
IRL. Obviously, this is the case if and only if τ(g)a = a, σ2 commutes with τ(g)
and τ(g)∗M = M ∀g ∈ SO(d).
Proposition 2.2 Let ψ be a C∞ and τ-invariant Le´vy characteristic. Then (i)
CF (f) = exp
[∫
IRd
ψ(f) dx
]
, f ∈ S (2)
is a characteristic functional. The associated random vector field F is a τ-
covariant noise field.
(ii) Let ∆ be the Laplacian on IRd, p : IR → IR be a polynomial which is positive
semi-definite on [0,∞) and σ¯2 = −
(
∂2ψ(t)
∂tα∂tβ
|t=0
)
α,β=1,...,L
. Then
CF g (f) = exp
[
−
∫
IRd
σ¯f · σ¯p(−∆)f dx
]
, f ∈ S (3)
defines a Gaussian τ-covariant noise field.
Proof. (i) Continuity of CF follows from ψ being C∞, normalization is a con-
sequence of ψ(0) = 0 and positive definiteness can be derived from the fact that
ψ is a conditionally positive definite1 function in t and thus
∫
IRd
ψ(f) dx is con-
ditionally positive definite in f . But the exponential of a conditionally positive
definite function is positive definite by Schoenberg’s theorem [13]. τ -invariance
of CF follows from the τ -invariance of ψ and the invariance of the Lebesgue
measure under orthogonal transformations. Likewise, invariance of CF under
translations follows from translation invariance of dx. That CF (f + h) factors
for suppf ∩ supph = ∅ is implied by ψ(0) = 0.
(ii) The proof that CF g is the characteristic functional of a Gaussian ran-
dom field is standard (we note that σ¯ by definition is positive semi-definite and
commutes with the positive operator p(−∆).) Invariance follows from the fact
that σ¯2 commutes with τ(g) and p(−∆) is invariant under orthogonal transfor-
mations. Translation invariance follows as in (i). That CF g(f + h) factors if
suppf ∩ supph = ∅ is a consequence of∫
IRd
σ¯f · σ¯p(−∆)h dx = 0
1
∑n
l,j=1
ψ(tl − tj)zlz¯j ≥ 0 if
∑n
l=1
zj = 0, tj ∈ IR
L, zj ∈ C, j = 1, . . . , n;n ∈ IN
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for f, h as above.
Let D : S → S be a τ -covariant partial differential operator with constant
coefficients, i.e. Dfg = (Df)g and Dfa = (Df)a ∀f ∈ S, g ∈ SO(d), a ∈ IR
d.
Assuming thatDis continuously invertible, the following representation has been
obtained [12] for the Fourier transform of the Green’s function of D:
Dˆ−1(k) =
QE(k)∏N
l=1(|k|
2 +m2l )
νl
(4)
with ml ∈ C − (−∞, 0],mj 6= ml for l 6= j and νl ∈ IN . QE(k) is an L × L-
matrix with polynomial entries of order ≤ κ = 2(
∑N
l=1 νl − 1) which fulfills the
Euclidean transformation law adτ(g)(QE(g
−1k)) = QE(k)∀g ∈ SO(d). Without
loss of generality we assume that QE is prime w.r.t the factors (|k|2 + m2l ),
i.e. that none of them divides all of the polynomial matrix elements of QE and
furthermore we impose a ”positive mass spectrum” condition ml ∈ (0,∞) for
l = 1, . . . , N .
Given this representation of Dˆ−1(k) we define
p(t) = p(t,D) =
∏N
l=1(t+m
2
l )
νl∏N
l=1m
2νl
l
− 1 (5)
and we note that p(t) ≥ 0 as t ≥ 0.
Let ψ be a τ -invariant Le´vy characteristic s.t. dψ(t)/dtβ |t=0 = 0 and D as
above. We define F as in Proposition 2.2 (i) and F g as in Proposition 2.2 (ii)
with p(t) = p(t,D) as in Equation (5), F g independent of F (in the stochstic
sense). We set up the crucial SPDE of this work as
DA = F + F g (6)
which can be solved pathwisely in S ′ since the random field F + F g by Minlos’
theorem has paths in S ′ and D by our assumptions (and duality) is continuously
invertible on that space. We get for the properties of A:
Theorem 2.3 A obtained as the unique solution of (6) in S ′ is a τ-covariant
random vector field. The Schwinger functions (moments) of A are given by
Sn,α1···αn(x1, . . . , xn) = E [Aα1(x1) · · ·Aαn(xn)]
=
∑
I∈P(n)
∏
{j1,...,jl}∈I
STl,αj1 ···αjl
(xj1 , . . . , xjl) (7)
where P(n) is the collection of all partitions of {1, . . . , n} into nonempty subsets.
For n = 2
ST2,α1α2(x1, x2) =
QE2,α1α2(−i∇2)∏N
l=1m
2νl
l
[
N∏
l=1
(−∆+m2l )
−νl
]
(x1 − x2) (8)
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and for n ≥ 3
STn,α1···αn(x1, . . . , xn) = Q
E
n,α1···αn(−i∇n)
×
∫
IRd
n∏
j=1
[
N∏
l=1
(−∆+m2l )
−νl
]
(xj − x) dx (9)
where
QEn,α1···αn(−i∇n) = C
β1···βn
n∏
l=1
QE,βl,αl(−i
∂
∂xl
) (10)
with
Cβ1···βn = (−i)
n ∂
nψ(t)
∂tβ1 · · · ∂tβn
∣∣∣∣
t=0
(11)
and we applied the Einstein convention of summation and uppering/lowering
of indices on IRL w.r.t. the invariant inner product ·. The Schwinger func-
tions fulfill the requirements of τ-covariance, translation invariance, symmetry,
clustering and Hermiticity from the Osterwalder-Schrader axioms [32, 33] of
Euclidean QFT.
Proof. We give a short outline of the proof: τ -covariance of A and stationarity
can be deduced from the τ - (and translation-)invariance of the characteristic
functional CA(f) = CF (D−1f)CF g (D−1f). This property follows from the re-
lated property for CF and CF g and τ -covariance (translation invariance) of D.
The characteristic functional CA is given by the following explicit formula
CA(f) = exp
[∫
IRd
ψ(D−1f)− σ¯D−1f · σ¯p(−∆)D−1f dx
]
f ∈ S (12)
and we can calculate the Schwinger functions (or moments) of A by
Sn,α1···αn(x1, . . . , xn) = (−i)
n δ
n
δAα1(x1) · · · δAαn(xn)
CA(f)
∣∣∣∣
f=0
. (13)
Using the linked cluster identity (see e.g. [2]) we get
STn,α1···αn(x1, . . . , xn) = (−i)
n δ
n
δAα1(x1) · · · δAαn(xn)
ln CA(f)
∣∣∣∣
f=0
. (14)
By Eqs. (4)-(5),(12) and (14) one derives Eq. (8) and (9) by explicit calcula-
tions.
The τ -covariance / translation invariance properties of the Schwinger func-
tions follow from the related properties of the random vector field A. Symmetry
and Hermiticity are trivial (note that A is a real vector field). The cluster prop-
erty can be verified from the fact that the Green’s function[
N∏
l=1
(−∆+m2l )
−νl
]
(x)
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and its derivatives are of exponential decay as |x| → ∞, see [2] for a related
situation.
Here we would like to point out that the difference between A as defined
here and the corresponding fields defined in [5] is that in that reference
ST2α1,α2(x1 − x2) = Q
E
2,α1α2(−i∇2)
[
N∏
l=1
(−∆+m2l )
−2νl
]
(x1 − x2) (15)
and the effect of the Gaussian noise F g is to replace (15) by (8). As we shall
see in the discussion of relativistic scattering theory below, this correction leads
to a well-defined particle like asymptotics, for νl = 1, l = 1, . . . , n, of the related
relativistic quantum field models. Without this correction (or the somewhat ad
hoc replacement in [5]) the asymptotics would be dipole-like rather than particle
like. Such effects now only occur when some of the νl are strictly larger than
one, cf. [18].
Condition 2.4 We say that the partial differential operator D fulfills the no di-
pole condition, if in the representation (4) we have νl = 1 for l = 1, . . . , N . We
restrict from now on our models to fulfill this condition (cf. [18] for the meaning
of this condition).
3 Analytic continuaton of the Schwinger func-
tions
In this section we discuss the analytic continuation of the truncated Schwinger
functions STn to relativistic truncated Wightman functions Wˆ
T
n . A solution to
this problem can be obtained by representing STn as Fourier-Laplace transform,
i.e.
STn,α1···αn(x1, . . . , xn) = (2π)
−dn/2
∫
IRdn
exp(
n∑
l=1
−k0l x
0
l + i
~kl · ~xl)
× WˆTn,α1···αn(k1, . . . , kl) dk1 · · · dkn , (16)
where x01 < . . . < x
0
n and Wˆ
T
nα1···αn ( the Fourier transform of W
T
n ) is a tem-
pered distribution which fulfills the spectral property, i.e. it has support in
the cone {(k1, . . . , kn) ∈ IR
dn : qj =
∑j
l=1 kl ∈ V¯
−
0 , j = 1, . . . , n − 1}. Here,
V¯ −0 stands for the closed backward lightcone (that we do not use the forward
lightcone for the formulation of the spectral condition as done in some other
references, is a matter of convention on the Fourier transform). Under this
condition the above integral representation exists. From the general theory of
quantum fields it follows that STn is the analytic continuation W
T
n from points
with purely relativistically real time to the Euclidean points of purely imaginary
time. Furthermore, it follows from the symmetry and Euclidean covariance of
the STn that W
T
n fulfills the requirements of Poincare´ covariance (w.r.t. the
analytic continuation of the representation τ) and locality, see e.g. [32].
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Following an idea of [12], we expand the denominator of Eq. (4) into partial
fractions (we recall that we assume Condition 2.4 to hold)
1∏N
l=1(|k|
2 +m2l )
=
N∑
l=1
bl
(|k|2 +m2l )
(17)
with bl ∈ IR uniquely determined and bl 6= 0. Thus, D−1(x) can be represented
as QE(−i∂/∂x)
∑N
l=1 bl(−∆+m
2
l )
−1(x) and for n ≥ 3
STn,α1···αn(x1, . . . , xn) = Q
E
n,α1···αn(−i∇n)
N∑
l1,...,ln=1
×
n∏
r=1
blr
∫
IRd
n∏
j=1
(−∆+m2lj )
−1(x− xj) dx (18)
Setting
STn,m1,···mn(x1, . . . , xn) =
∫
IRd
n∏
j=1
(−∆+m2j)
−1(xj − x) dx (19)
we note that a Fourier-Laplace representation (16)of STn,m1,...,mn(x1, . . . , xn) has
been calculated in [2] Proposition 7.8. WˆTn,m1,...,mn(k1, . . . , kn) is given by
(2π)−(d(n−2)−2)/2


n∑
j=1
j−1∏
l=1
δ−ml(kl)
(−1)
k2 −m2j
n∏
l=j+1
δ+ml(kl)

 δ(
n∑
l=1
kl) (20)
Here δ±m(k) = θ(±k
0)δ(k2 − m2) where θ is the Heaviside step function and
k2 = k0
2
− |~k|2. Furthermore, let
QMn ((k
0
1 ,
~k1), . . . , (k
0
n,
~kn)) = Q
E
n ((ik
0
1 ,
~k1), . . . , (ik
0
n,
~kn)). (21)
We then define
WˆT2,α1α2(k1, k2) = (2π)
(d+1)
QM2,α1α2(k1, k2)∏N
l=1m
2
l
N∑
l=1
bl δ
−
ml
(k1)δ(k1 + k2) (22)
and
WˆTn,α1···αn(k1, . . . , kn) = Q
M
n,α1···αn(k1, . . . , kn)
×
N∑
l1,...,ln=1
n∏
j=1
bljWˆ
T
n,ml1 ,...,mln
(k1, . . . , kn) (23)
and we can now put together these pieces in the following theorem:
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Theorem 3.1 The truncated Schwinger functions STn have a Fourier-Laplace
representation (16) with WˆTn defined in Eqs. (22) and (23). Equivalently, S
T
n
is the analytic continuation of WTn from purely real relativistic time to purely
imaginary Euclidean time. The truncated Wightman functions WTn fulfill the
requirements of temperedness, relativistic covariance w.r.t. the representation
of the orthochronous, proper Lorentz group τ˜ : L↑+(d)→ Gl(L), locality, spectral
property and cluster property. Here τ˜ is obtained by analytic continuation of τ
to a representation of the proper complex Lorentz group over Cd (which contains
SO(d) as a real submanifold) and restriction of this representation to the real
orthochronous proper Lorentz group.
Proof. That STn has a Fourier-Laplace representation with Wˆ
T
n defined as above
for the case n ≥ 3 follows from the related representation for STn,m1,...,mn , the
linearity of the Fourier-Laplace transform and the general formula for differen-
tiation of a Fourier-Laplace transform. That WTn is tempered can be derived as
in [3] or [1]. The formula for n = 2 can be derived as in the case of the two-point
function of the free field. The properties of WTn now follow from the general
formalism of analytic continuation, [32]
4 Quantum fields with indefinite metric
In this section we show that the Wightman functions constructed in Theorem 3.1
can be considered as vacuum expectation values of some quantum field theory
(QFT) with indefinite metric [29].
We first introduce the concept of a QFT with indefinite metric: Let H
be a (separable) Hilbert space and D ⊆ H a dense domain. Let η be a self-
adjoint operator on H s.t. η2 = 1. η is called the metric operator. We define
Oη(D) as the unital, involutive algebra of (unbounded) Hilbert space operators
A : D → D s.t. A[∗] = ηA∗η|D : D → D exists. Here A
∗ stands for the Hilbert
space adjoint of (A,D). The canonical topology on Oη(D) is induced by the
seminorms A→ |(Ψ1, ηAΨ2)|, Ψ1,Ψ2 ∈ D.
We say that a sequence of Wightman functions {Wn}n∈IN0 , Wn ∈ S
′
n (where
Sn = S⊗n and ′ stands for the topological dual - in contrast to the previous
sections test functions and distributions from now on are complex valued )
fulfills the Hilbert space structure condition (HSSC) if on Sn there is a Hilbert
seminorm pn s.t.
|Wj+l(f ⊗ h)| ≤ pj(f)pl(h) ∀f ∈ Sj , h ∈ Sl, l, j ∈ IN. (24)
We note that the HSSC for {Wn}n∈IN0 is implied by the existence of a Schwartz
norm ‖.‖ on S s.t. WˆTn ∈ S
′
n is a continuous distribution w.r.t. ‖.‖
⊗n on Sn
(since S is a nuclear space, the tensor product of norms is well-defined) [3, 24].
Theorem 4.1 Let {Wn}n∈IN0 be a sequence of Wightman functions which ful-
fill the requirements of temperedness, τ˜ -covariance, spectrality, locality and Her-
miticity. If furthermore the HSSC (24) holds, then there exists an algebra Oη(D)
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acting on a separable Hilbert space H with a distinguished normalized vector
Ψ0 ∈ H, ηΨ0 = Ψ0, (’vacuum’), an operator valued distribution φ : S ∋ f →
φ(f) ∈ Oη(D) and a η-unitary continuous representation of the orthochronous,
proper Poincare´ group2 U : P↑+(d)→ Oη(D) (U
[∗] = U−1) such that
(i) D is generated by repeated application of operators φ(f), f ∈ S on Ψ0, Ψ0 is
invariant under the representation U of P↑+ and U fulfills the spectral condition∫
IRd
(ηΨ1,U(a)Ψ2)e
ip·a da = 0 if p is not in the forward lightcone (here · is the
Minkowski inner product);
(ii) φ is Hermitean φ[∗](f) = φ(f∗) where f∗ is the (component wise) complex
conjugation of f ; φ is local (φ(f) and φ(h) commute on D if the support of f and
h are space-like separated: (x−y)2 < 0 for x ∈ suppf, y ∈ supph); φ transforms
τ˜ -covariantly (U(g)φ(f)U(g−1) = φ(fg−1) ∀g ∈ P
↑
+ with fg(x) = τ˜(g)f(g
−1x));
(iii) Wn(f1 ⊗ · · · ⊗ fn) = (Ψ0, φ(f1) · · ·φ(fn)Ψ0) ∀n ∈ IN, fl ∈ S.
For the proof, a kind of GNS-construction on an inner product space is per-
formed, see e.g. [36, 29, 25]. It should be noted that the above assignment of
a QFT with indefinite metric to a sequence of Wightman functions in general
depends on the Hilbert seminorms pn in (24) and therefore is not ’intrinsic’ for
the sequence of Wightman functions. For an example see [10].
Concerning our models in Theorem 3.1 we now get:
Theorem 4.2 The Wightman functions defined in Section 3 fulfill the HSSC
(24). In particular, there exists a QFT with indefinite metric (cf. Theorem 4.1)
s.t. the Wightman functions are given as the vacuum expectation values of that
QFT.
Proof. By Theorem 4.1 the Wightman functions fulfill all the requirements of
Theorem 4.1, except for the HSSC. That also the HSSC holds, can be seen most
easily by verifying a uniform continuity property w.r.t. ‖.‖⊗n for the truncated
Wightman functions WˆTn , as explained above. Here ‖.‖ is some Schwartz norm
on S. It has been verified in [1, 4] that there is such a uniform continuity for
WˆTn,m1,...,mn and thus also the linear combinations of these distributions in (23)
have this property. But the Fourier transformed Wightman functions of our
model are given by the multiplication of the described linear combination by a
polynomial QMn (k1, . . . , kn) and it is thus sufficient to verify that the degree of
QMn in any variable kl is bounded independently of n, since we then can replace
the Schwartz norm ‖.‖ by the Schwartz norm ‖(1+ |k|2)l/2.‖ for l larger or equal
to this uniform degree. That such a uniform bound of the degree in the kl exists
is a straight forward consequence of the definitions (10) and (21).
2P
↑
∗(d) is the semidirect product of L
↑
+
(d) with the translation group IRd.
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5 On the construction of asymptotic states and
the S-matrix
Here we describe the scattering behavior of the QFT models with indefinite
metric constructed in Theorem 4.2. Since the standard axiomatic scattering
theory [22, 23, 35, 34] heavily relies on positivity of the Wightman functions,
we can not apply these methods here. Let us therefore first consider the gen-
eral problem of the construction of asymptotic states for quantum fields with
indefinite metric following [1, 17]:
Let Sext = S ⊗ C3 be the ”extended test function space”. We want to
construct an (in general non-local) ”extended quantum field” Φ : Sext → Oη(D),
where the three components of Φ can be interpreted as the incoming- local- and
outgoing field Φ = (φin, φ, φout), using the GNS-like construction of Therorem
4.1. We define J(f in, f loc, fout) = f in+ f loc+ fout and furthermore J in/loc/out :
S → Sext as the injection in the first/second/third component. Let the mass
content of the theory be given by the masses m1, . . . ,mN > 0, which in our case
are determined by the representation (4) of the partial differential operator D.
Let ϕ ∈ C∞0 (IR, IR) with support in (−ǫ, ǫ) such that 0 < ǫ < min{m
2
l , |m
2
l −
m2j |, l, j = 1, . . . , N, l 6= j}. We define χ
±(k,m) = θ(±k0)ϕ(k2−m2) and we set
χt(a, k) =


∑N
l=1
[
χ+(k,ml)e
−i(k0−ωl)t + χ−(k,ml)e
−i(k0+ωl)t
]
for a = in
1 for a = loc∑N
l=1
[
χ+(k,ml)e
i(k0−ωl)t + χ−(k,ml)e
i(k0+ωl)t
]
for a = out
(25)
Here ωl = (|~k|2 +m2l )
1/2. We now define ΩtSext → S and Ωin/out : S → S by
FΩextF¯ =

 χt(k, in) 0 00 χt(k, loc) 0
0 0 χt(k, out)

 (26)
ant Ωt = J ◦ Ωextt , Ω
in/out = Ωt ◦ J in/out. Here F (F¯) denotes the (inverse)
Fourier transform. For fl ∈ Sext we set
Fn(f1 ⊗ · · · ⊗ fn) = lim
t1,...,tn→+∞
Wn(Ωt1f1 ⊗ · · · ⊗ Ωtnfn) (27)
provided that the limit exists and Fn is in S
ext′
n = (S
ext⊗n)′. Here the limit
t1, . . . , tn → +∞ has to be understood in the sense that first one tl goes to
infinity, then the next etc. and that the limit does not depend on the cho-
sen order. If Fn exists for any n then the sequence {Fn}n∈IN0 is called the
form factor functional. Heuristically, {Fn}n∈IN0 contains the ’mixed’ vacuum
expectation values of in- loc- and out-fields. If the form factor functional ful-
fills the HSSC, then one can construct in-, loc- and out-fields acting on one
Hilbert space H by applying the GNS-like construction of Theorem 4.1 in
order to construct a ”extended quantum field” Φ. Given Φ, we then define
φin/loc/out = Φ ◦ J in/loc/out [1]. The main result for the present section is that
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this whole construction is possible for the models defined in Therorem 4.2. To
formulate this, we require some more definitions: We set
∆ˆm(a, k) =


−iπ(δ+m(k)− δ
−
m(k)) for a =in
1
/
(k2 −m2) for a =loc
iπ(δ+m(k)− δ
−
m(k)) for a =out
(28)
and we define the Fourier-transformed truncated form factor functional asso-
ciated to the Wightman functions WTn,m1,...,mn defined in Section 3 for n ≥ 3
al =in/loc/out via
FˆT (a1,...,an)n,m1,...,mn (k1, . . . , kn)
= −(2π)−((dn−2)−2)/2


n∑
j=1
j−1∏
l=1
δ−ml(kl)∆ˆmj (aj , kj)
n∏
l=j+1
δ+ml(kl)

 δ(
n∑
l=1
kl)
(29)
and we finally define the truncated, Fourier transformed form factor functional
for our models as F
T (a1,a2)
2 = W
T
2 , a1, a2 =in/loc/out and for n ≥ 3 we set in
analogy to Eq. (23)
Fˆ
T (a1,...,an)
n,α1···αn (k1, . . . , kn) = Q
M
n,α1,...,αn(k1, . . . , kn)
×
N∑
l1,...,ln=1
n∏
j=1
blj Fˆ
T (a1,...,an)
n,ml1 ,...,mln
(k1, . . . , kn) (30)
We define {Fn}n∈IN0 to be the sequence of distributions associated with the
truncated sequence {FTn }n∈IN defined above. We get
Theorem 5.1 Let {Wn}n∈IN0 be the Wightman functions of the QFT-models
defined in Theorem 4.2. Then the associated form factor functional is given by
{Fn}n∈IN0 and fulfills the HSSC. Thus,
(i) There exists a QFT with indefinite metric (over Sext) (H, η,Ψ0,Φ,U) ful-
filling Hermiticity, spectrality and clustering s.t. the fields φin/loc/out = Φ ◦
J in/locout in addition are τ˜-covariant and local.
(ii) The asymptotic fields φin/out are given as a sum of independent free τ˜ -vector
fields fields with masses m1, . . . ,mN .
(iii) φ = φloc fulfills the LSZ asymptotic condition [27] w.r.t. φin/out, i.e.
lim
t→+∞
φ(Ω
in/out
t f) = φ
in/out(f) ∀f ∈ S (31)
where the convergence is in Oη(D).
Proof. ThatWTn,m1,...,mn and F
T
n,m1,...,mn fulfill Eq. (27) (here truncation plays
no roˆle, cf. Proposition 3.4 of [1]), can be seen as follows: The relation has been
proven for a single mass m in [1]. The proof can be extended by a simple
adaptation of notation for the case where m1, . . . ,mn are different masses and
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the multipliers χt(kl, a) depend on only one mass depending on l. Given this
observation, let us consider our more complicated multipliers in Eq. (25). If a
factor χ±(k,ml)e
±i(k0±ωl)t is multiplied with a factor δ±mj (k), then the result
is zero by the support properties of χ±(k,ml) whenever j 6= l. Likewise, if a
factor 1/(k2j −m
2
j) is being multiplied with such a factor, then this expression
vanishes in the limit t→∞ by the Riemann-Lebesgue lemma [34]. We thus see
that only those terms with the ”right” masses count in (25) and this establishes
the result for WTn,m1...,mn and F
T (a1,...,an)
n,m1,...,mn , n ≥ 3. The case n = 2 is trivial.
The statement that {Fn} is the form factor functional associated to {Wn}
now follows from the fact that multiplication by QMn in energy-momentum space
and the limit in (27) can be interchanged.
That the so-defined form factor functional fulfills the HSSC can be proven
in a similar way as in Theorem 4.2, cf. [1]. The remaining statements of the
theorem then follow by the GNS-like construction as in Theorem 4.1, cf. [1] for
the details.
It should be remarked that the metric on the asymptotic Hilbert spaces
Hin/out generated by repeated application of the fields φin/out to the vacuum
depends on the properties of Cβ1,β2 , bl and QE and gauge principles for the
asymptotic fields have to be developed depending on these quantities. For a
single, scalar field (C > 0, b = 1, QE = 1) these spaces carry a positive semi-
definite metric [1].
Finally we want to show that the scattering of the fields in Theorem 5.1 is
non-trivial. Given the form factor functional, one can define the S-matrix of
the theory via
Sr;n−r(f1 ⊗ · · · ⊗ fr; fr+1 ⊗ · · · ⊗ fn)
= Fn(J
inf1 ⊗ · · · ⊗ J
infr ⊗ J
outfr+1 ⊗ · · · ⊗ J
outfn)
=
〈
φin(f∗1 ) · · ·φ
in(f∗r )Ψ0, φ
out(fr+1) · · ·φ
out(fn)Ψ0
〉
(32)
where 〈., .〉 = (., η.) is the indefinite inner product on H.
Using the definitions (28)-(30) one can verify by an explicit calculation the
following corollary:
Corollary 5.2 The S-matrix of the models in Theorem 5.1 is non-trivial (if
ψ(t) has a Poisson part). The Fourier transformed, truncated S-matrix is given
by ST2 (k1; k2) = Wˆ
T
2 (k1, k2) and
SˆTr;n−r,α1···αr;αr+1···αn(k1, . . . , kr; kr+1, . . . , kn)
= −i(2π)−((dn−2)−4)/2QMα1,...,αn(k1, . . . , kn)
N∑
l1,...,ln=1
n∏
j=1
blj
×
r∏
j=1
δ−mlj
(kl)
n∏
l=r+1
δ+mlj
(kl) δ(
n∑
l=1
kl) (33)
for n ≥ 3 where k01 , . . . , k
0
r < 0 and k
0
r+1, . . . , k
0
n > 0.
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We remark that in- and out- fields are free fields and fulfill canonical com-
mutation relations, the relations given in Corollary 5.2 suffice to determine the
whole scattering matrix.
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